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A class F of g raphs  is ver tex R a m s e y  if for all H C F there  exists  G E F such  t h a t  for 
all par t i t ions  of the  vertices of G into two par ts ,  one of the  par t s  conta ins  an  induced copy of 
H.  F o r b ( T , K )  is the  class of g raphs  tha t  induce nei ther  T nor K.  Let T ( k , r )  be the  tree 
wi th  radius  r such t ha t  each nonleaf  is adjacent  to k vertices far ther  f rom the  root  t h a n  itself. 
Gys conjectured t ha t  for all trees T and  cliques K,  there  exists  an  integer b such  t h a t  for all 
G in F o r b ( T , K ) ,  the  chromat ic  number  of  G is at mos t  b. Gy~rf~s '  conjecture  implies  a weaker 
conjecture  of Sauer  tha t  for all t rees T and  cliques K ,  Forb ( T , K )  is not  ver tex  Ramsey .  \u  use 
techniques  developed for a t tack ing  Gys conjecture  to prove tha t  for all q, r and  sufficiently 
large k, Forb (T(k,r),Kq) is not  ver tex Ramsey.  

0. Introduct ion  

For a graph G let co(G) be the number of vertices of the largest clique in G. 
For a graph or hypergraph G, let x(G) be the chromatic number of G, i.e., the 
least number c such that  the vertices of G can be colored with c colors so that  there 
are no monochromatic edges. For a graph G =  (V,E) and X C V, let G[X] denote 
the subgraph of G induced by X in G. Let Forb (T ,K)  be the class of graphs that  
induce neither T nor K. Let Kq be the clique on q vertices. Let T(k,r) be the 
rooted tree with radius r such that each nonleaf has k sons. See Figure 1. The 
starting point for the research reported in this article is the following conjecture, 
due independently to Gys163 [1] and Sumner [16]. 

Figure 1. T(3 ,2)  
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Conjecture 0.1. For all trees T and cliques K, there exists an integer b such that 
for all G in Forb (T, / ( ) ,  x(G) < b. 

While the general conjecture appears to be very difficult and has survived for 
twenty years, there have been some interesting partial results. The fundamental 
result in the subject is the following theorem due to Gy~rfS~s, Szemer~di, and Tuza 
[3]. 

Theorem 0.2. For every radius two tree T, there exists an integer b such that for 
all CCForb(T,  K3) , ~(C)_<b. 

To prove this theorem the authors used a technique that  has developed into 
what we call the template technique. In a series of papers [6], [4], [8], [5] and [9], 
this technique has been modified in one way or another to prove similar results. 
The highlight, for the purposes of this article is the following extension of Theorem 
0.2, due to Kierstead and Penrice [6]. 

Theorem 0.3. For every radius two tree T and clique K, there exists an integer b 
such that for all GEForb(T,K),  x(G)~b.  

One important result in this area that does not use the template technique is 
the following theorem due to Scott [15]. 

Theorem 0.4. For every tree T and clique K, if a graph G has sufficiently large 
chromatic number, then G induces either K or a subdivision ofT.  

Independently RSdl, Sauer, and X. Zhu [10], [11], [12], [13], [14] studied classes 
of graphs to determine whether or not they were vertex Ramsey. A class F of graphs 
is vertex Ramsey if for every graph H C F, there exists a graph G C F such that  
whenever the vertices of G are partitioned into two parts, one of the parts induces 
a copy of H. This property can be phrased in terms of hypergraph coloring. For 

any graphs G~-(V,E) and H, let (/G/G) be the hypergraph on the same vertex set V 

as G such that X C V is an edge of (GH) iff G[X] is isomorphic to H.  Let XH(G) 

denote the chromatic number of (/~). It is routine to show that: 

Proposition 0.5. A class of graphs F is not vertex Ramsey if and only if there exists 
H cF  and an integer b such that/or all GCG, XH(G)~b. 

The combined work of Neget~il, RSdl, Sauer, and X. Zhu determined whether 
or not Forb (A) is vertex Ramsey for nearly all graphs A. For any pair of graphs A 
and B such that A is disconnected and the complement of B is disconnected, Sauer 
[12] determined that Forb (A, B) is not vertex Ramsey, except for three special pairs 
for which it is vertex Ramsey. The simplest unknown case would seem to be when 
A is almost disconnected and the complement of B is totally disconnected. This 
led Sauer [12] to conjecture that: 

Conjecture 0.6. For all trees T and cliques K, Forb (T, K)  is not vertex Ramsey. 

It is easily seen, using Proposition 0.5 that Conjecture 0.1 implies Conjecture 
0.6. In this article we shall use our latest version of the template technique 
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to prove that  for all positive integers q and r and sufficiently large integers k, 
Forb (T(k, r), I(q) is not vertex Ramsey. In Section 1 we give an abstract  definition 

of what it means for a graph H to be a (k, s)- template for a graph G. It  is immediate 
from this definition that  for all G C Forb (T(k,2),K3), and sufficiently large t, Kt,t 
is a T(k,1)- template  for G. Then we show that  if G, HEForb(T(k,r)) and H is a 
(k,r-1)-template for G, then XH(G) is bounded above by a function of T, a~(G), 
and H. This is all an abstraction of the main argument in [3], where templates were 
never defined, but their role was played by large Kt,t. In [3] the proof of Theorem 

0.2 is completed by the observation of RSdl [9] that  for all GEForb(T(k,2),K3), if 
XKt,t (G) is bounded above, then ;~(G) is bounded above. Thus Section 1 specializes 

to the main argument in [3]. If we could prove that  for all positive integers q and 
r and sufficiently large integers k, there exists a graph H E Forb (T(k,r),Kq) such 

that  for every G E Forb (T(k,r), I(q) with sufficiently large chromatic nmnber, H is 

a ( k , r -  1)-template for G, then we could prove that  Conjecture 0.1 is true. We do 
not know how to do this. However, in Section 2 we do show that  for all positive 
integers q and r, and sufficiently large k, there exists H E Forb(T(k,r),Kq) such 

that  for every G E Forb(T(k,r),Kq), if H is an induced subgraph of G, then H 

is a T(k,r-1)-template for G. It then follows front the work in Section 1 that  
Conjecture 0.6 is true in the case that  T=T(k,r)  and K=I(q. 

We shall use the following additional notation. For a positive integer n, let 
[n] denote the set {1,. . . ,n}.  Let R(k,q) denote the least integer n such tha t  every 
graph on n vertices has an independent set of size k or a clique of size q. For a 
graph G=(V,E) and a subset W c V ,  let N(W) denote N ( W ) = { v E V - W : v  is 
adjacent to w, for some w C W}. When W = {v}, we write N(v) instead of N({v}).  
We use the notation G ~ H  to indicate that  G is isomorphic to H. 

1. Definition of Templates 

Fix positive integers k, r, and q. Set T = T(k,r), T '  = T ( k , r -  1), and 

F = Forb(T, Kq). Let t = (k r+l  - 1)/(k - 1), the number of vertices of T, and 

t ' =  (k r - 1 ) / ( k -  1), the number of vertices of T' .  Let G = (V,E) be a graph. For 
a vertex v C V and a subset W C V, v is adjacent to W if v is adjacent to some 
vertex in W. Similarly, v is strongly adjacent to W if v is adjacent to at least 
a -- 2qk vertices in W and v is very strongly adjacent to W if v is adjacent to at 
least/3 = kt'o~ vertices of W. Let N s (W)= {v G V - W : v  is strongly adjacent to W}. 

Definition 1.0. Let G=(V,E) be a graph. Another graph H=(W,F)  is a ( k , r - 1 ) -  
template for G if H is an induced subgraph of G and the following three conditions 
hold: 

(1) For all vGg(w) ,  for all X C  W, with IX] ~ / - - k ~ ,  if (WNN(v))-X~r then 

there exist w e (WAN(v))-X and S C W-(N(v)UX) such that  G[SU{w}] ~T '  
with root w. 
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(2) For all yEN(W) ,  there exists w E (WRN(v))  such that  for all X C W - { w } ,  

with IXI <_7, there exists SC W - ( N ( v ) U X )  such that  G[SU{w}] ~ T '  with 
root w. 

(3) For all vENs(W) ,  there exists S E W  such that  G[SU{v}]~T'  with root v. 

When k and r are fixed, a template  will mean a (k,r - 1)-template. 

Suppose that  G is a triangle-free graph and H ~ Kt,t is an induced subgraph 

of G, with t = k + 7 .  Then it is easily seen that  H is a (k,1)- template  for G. The 
definition of template and the following theorem are an abstraction of the main 
argument in [6], where Kt,t plays the role of the template.  

Theorem. 1.1. Suppose that G = (V, E) E F and H is a graph such that for all 
X c V, if G[X] ,~ H, then G[X] is a (k,r-1)-template for G E t  and for all v E V, 
XH(N(v)) < A = AH(G ). Then XH(G) <__ l+hd+hA2ttnR(k,q) ,  where h = [W], 

d = 2kR(k, q), and n = d -  1 + 2t'dR(k, q). 

Proofi Define M1, N1, V1, ..., Ms, Ns, Vs, L as follows. Set M0 = 0 = No and 
V1 = V. Suppose we have defined Mj, Nj, Vj+I, for all j < i. If  G[~]  does not induce 

H,  then set s = i - 1  and L = ~ ;  otherwise choose Mi C ~ such tha t  G[Mi] ~ H  and 
set Ni=gs (Mi )NVi  and ~ + l = V i - ( N i U M i ) .  Then {M1,N1,. . . ,Ms,Ns,L} is a 
parti t ion of V. Note that  for j < i, no vertex in ~ is strongly adjacent to Mj. The 

(very strong) template degree of a vertex v E V is [{i:v is (very strongly) adjacent 
to Mi}[. The neighborhood degree of a vertex v E Y is [{i:v is adjacent to Ni}[. We 
shall need the following three lemmas. 

Lemma 1.2. For every vertex v E V, the very strong template degree of v is less 
than k. 

Proof. Suppose that  v E V and I = {il < . . .  < ik} is a k-subset of [s] such tha t  for 
every i E I ,  v is very strongly adjacent to M i. We shall obtain a contradiction to 
G E F by showing tha t  v is the root of a copy of T. To do this, for each i E I ,  we 
find v i E Mi and Si C Mi - {vi} such that  for all distinct i, j E I :  

(i) v is adjacent to vi; 

(ii) G[SiU{vi}],~T' with root vi; 

(iii) v is not adjacent to Si; and 

(iv) SiW{v~} is not adjacent to Sj U{vj}. 
We construct the vi and Si by reverse induction. Let i E I and suppose tha t  we 

have constructed vj and Sj for all j E I with j > i. Let X = {x E Mi : x is adjacent to 

SjU{vj}, for some j E I with j > i}. Say i=ia. Then IXI < (k -a) t ' (a -1)  < ktta=13, 

since for each of the k -  a indices j > i, each of the t ~ vertices of Sj U {vj} is 
adjacent to less than a elements of Mi. Since v is very strongly adjacent to Mi, 
(MiNN(v) ) -X  # O. By (1) we can find vi E (MiMN(v))-X and Si C Mi- (N(v)UX)  
such that  G[SiU{vi}] ~ T  t with root vi. Since (S iU{vi})NX=O, SiO{vi} is not 
adjacent to SjU{vj}, for all j E I with j > i. This completes the construction of the 
Si and the proof. I 
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L e m m a  1.3. For  every vertex v @ V, the template degree of v is less tL an d = 
2kR(k,q) .  

Proof .  Suppose tha t  v E V and I = {il < ...  < id} is a d-subset  of [s] such tha t  
for every i E [,  v is adjacent  to Mi. We shall obta in  a contradic t ion  to G E F by 
showing tha t  v is the root  of a copy of T. To do this we find a k-subset  J C [ and 
for every i E J ,  we find vi E Mi and Si Q Mi such tha t  for all dist inct  i, j E J :  

(i) v is adjacent  to vi; 

(ii) G[SiU{vi}] ~ T '  with root  vi; 

(iii) v is not adjacent  to 5:/; and 

(iv) SikJ{vi} is not adjacent  t o  SjU{vj}. 
By (2), for each i E I ,  there exists vi E (MieN(v))  such tha t  for all X C Mi-{v i } ,  

with IX] < ~, there exists S C M i -  ( N ( v ) U X )  such tha t  G[SU {vi}] = T '  with root  
vi. By L e m m a  1.2, each vi has very s t rong t empla te  degree less than  k. Thus  there  
exists an R(k,q)-subset j1 C I such tha t  for all i, j E J, v i is not  very s t rongly  
adjacent  to Mj .  (Define a d igraph D = ( I ,A)  by ( i , j )  E A iff vi is very s t rongly 
adjacent  to Mj. Since the out degree of D is less than  k, D has an independent  set  

of size d/ (2k-1) . )  Since G has clique size less than  q, there exists a k-subset  J C  J' 
such tha t  {vi : i E J}  is independent .  Next  we construct  the Si by reverse induction.  
Let  i E J and suppose tha t  we have constructed Sj for all j E J wi th  j > i so tha t  

for all i ' E J  with i '<i ,  v i, is not adjacent  t o  Sjk.){Vj}. Let 

X = {x E Mi : x is adjacent  to Sj U {vj}, for some j E J with j > i}U 

{x E Mi : x is adjacent  to vi,, for some i t E J, with i t < i} 

Say i= in. Then  IX] < (k - a)t'(c~ - 1) + (a - 1)/3 < k/3 = % since for each of the k - a 

indices j > i, each of the t '  vertices of Sj U {vj} is adjacent  to less t han  a vertices 

of Mi and for each of the a - 1  vertices vi, , with i~< i, vi, is adjacent  to less t han /3  
vertices of Mi. By the choice of the v i and using (2), we can find Si C Mi - (N(v ) t JX)  

such tha t  G[Si 12 {vi} ] ~ T '  with root  vi. Since Si A X = O, Si tO {vi} is not  adjacent  
to S jU{v j } ,  for all j E I  with j > i  and v i, is not adjacent  to Si, for all j E J - { i } .  
This  completes  the construct ion of the Si and the proof. | 

L e m m a  1.4. For every vertex v E V, the ueighborhood degree of v is less than 
n = d -  1 + 2ff dR(k,q). 

Proof .  Suppose tha t  v E  V and I =  {i] < . . .  <in} is an n-subset  of [s] such tha t  for 
every i E I, v is adjacent  to vi E Ni. We shall obta in  a contradic t ion to G E F by 
showing tha t  v is the root  of a copy of T. To do this we shall find a k-subset  J C I 
and for every iE  J ,  we shall find Si C Mi such tha t  for all dist inct  i, j E J: 
(ii) G[SiU{vi}]~Tt  with root vi; 

(iii) v is not  adjacent  to Si; and 

(iv) SiU{vi}  is not adjacent  to SjtO{vj}. 
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By (3), for each i E I ,  we can find S i c M i  such that G[SiU{vi}]~-T' with root 
vi. By Lemma 1.3, every vertex has template degree less than d. Thus there exists 
a 2t'dR(k,q)-subset jI  C I such that  for all i E J~, v is not adjacent to Mi. Also, 

there exists an R(k,q)-subset J"  C J~ such that  for all distinct i, j E J" ,  Si U {vi} 
is not adjacent to Sj. Finally, since w(G) < q, there exists a k-subset 3" C a"  such 

that  {v~ : i E J} is independent. This completes the construction of the Si and the 
proof. I 

We are now ready to finish the proof of the theorem by exhibiting a proper 

coloring of (H a)  using at most l+hd+h;~2t 'nR(k ,q)colors .  First, parti t ion V into 

L U M U N ,  where M = U{Mi: i E Is]} and N = U{Ni: i E Is]}. Color all the vertices in 

L with color 0. Since G[L] does not induce H, this is a proper coloring of (G[HL]). Let 

Mi = {vi3,. . . ,Vi,h}. Color each vi,j, with color (a,j), where a is the least positive 

integer such that  for all i I < i, if vi, j has color (a, j) ,  then vi,j is not adjacent to 

vi,,j. By Lemma 1.3, a<d.  Since k, r - 1  > 1, H has an edge, and so this is a proper 

coloring of (G[HM]) with hd colors, all distinct from the color used on L. Thus it 

remains to show that  we can properly color (G[HN]) with hA2t'nR(k,q) new colors. 

Let N i , j = { v E N  i :v is adjacent to vi,j, but v is not adjacent to any vi,j, , with 

j '  < j} .  For each pair (i , j) ,  let fi , j:  Ni,j --* [,~] be a proper coloring of (a[/~,,j]) and 

let Ni,j, b = {v E Ni,j : fi ,j(v) = b}. Color each vertex in Ni,j, b with color (a,j,b), 

where a is the least positive integer so that  G[U{Ni, j,b:i~< i}] does not contain a 

monochromatic copy of H. Note that such an integer exists because Ni,j, b does not 

contain a monochromatic copy of H. 

To finish the proof, we must show that a < 2ffnR(k,q).  Otherwise for all 

c E [2t'nR(k, q)], there exists a subset Qc c U{Ni,,j,b : i' <_ i} such that  

(v) a[Qc] H, 
(vi) Qcf-INi,j,br , and 

(vii) each vertex of Q~-Ni, j ,b  is colored (c,j,b). 

We shall obtain a contradiction to G E F by showing that  Vi,j is the root of a 

copy of T. To do this, we shall find a k-subset J C  [2t~nR(k,q)] and for every cE J,  

we shall find Vc E Qc nNi,j,b and Sc C Q c -  N(vi,j)  such that  for all distinct c, c ~ E J: 

(i) vi,j is adjacent to Vc; 

(ii) G[ScU{vc}]~T'  with root ve; 
(iii) vi,j is not adjacent to Sc; and 

(iv) ScU{Vc} is not adjacent to S c, U{vc, }. 

By (1), for each c E [2t'nR(k,q)], there exists Vc E QcN N(vi, j)  and Sc C q c -  

N(vi,j) C Qc - Ni,j,b such that G[Sc U {Vc}) ~ T'  with root Vc. By (vii), for all 
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colors c and d, and indices mr if QcONm,j,bTs then Qc' 7?Nm,j,b=~. Thus by 

Lemma 1.4, each Sc U {vc} is adjacent to less than tin other Sc,. Thus there exists 

an R(k, q)-subset J '  C [2t'nR(k, q)] such that for all distinct c, c' E Jr, ScO{vc} is not 

adjacent to Sc,. Since co(G)< q, there exists a k-subset J C  j t  such that  {Vc :cE J} 
is independent. This completes the proof. I 

2. Existence of  Templates 

In this section we show that templates actually exist. 

Theorem 2.1. For all positive integers q and r, and sufficiently large integers k, 
there exists a graph H E Forb (T(k, r), I(q) such that for all G E Forb (T(k, r), Kq), 
if H is an induced subgraph of G, then H is a template for G. 

Proof. As in Section 1, let T=T(k,r) ,  T ' = T ( k , r - 1 ) ,  and F=Forb(T(k,r),Kq). 
We first construct H = H(q, r, k, n,p) in terms of fixed positive integer parameters q, 
r, k, and n, and a real parameter p, with 0 < p < 1; then we show that for the proper 
choice of these parameters, H is a template for every graph in F that induces H. 
The construction of H is based on a simpler graph A. Let A=A(q)=(W,F)  be the 
graph defined by W =  [2q-1] and F =  {ij : j=i |  mE [q-2]}, where �9 denotes 
addition modulo 2 q -  1. In other words, A is the (q - 2)-power of a (2q - 1)-cycle. 
We are now ready to define H. For each vertex i E W there will be a corresponding 
set U(i) of vertices of H. The vertex set of H is Y = U{U(i): i E W}, where the U(i) 
are pairwise disjoint sets of cardinality n. For all edges ij E F, any vertex in U(i) 
is adjacent to any vertex in U(j) with probability p. All such decisions are made 
independently. There are no other edges in H. So far H is a random graph. We 
complete the construction of H by choosing a particular version of H that  satisfies 
conditions (i), (ii), (iii), and (iv) of the following lemma. This is the only part of 
the argument where we use probability theory. 

Lemma 2.2. Suppose that for some integers b and c 

(1) 4q2ne -p2n/2 < 1/4 

(2) 4q3n2e -2p4n < 1/4, 

(3) 4q2(r~)2(1-p) b~ <1/4,  

/ 2 . ~ \ 2 c 2 / q  2 
(4) 2q(n) q-1 ~l-pq /z) <1/4.  

Then the probability that H has the following four properties is greater than O. 
(i) For all edges i j E F  and vertices yEU(i), ]N(y) AU(j)I >_pn/2. 

(ii) For all edges i j, mj  E F (possibly i : m), and for aHy E U(i) and y~ E U(m)-{y}, 
IN(y) M N (y') M U (j)I <_ 2p2n. 
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(iii) For a11 edges ij 6 :r and all b-subsets X C U(i) and X '  C U(j), there exists 
u 6 X and v 6 X I such that u is adjacent to v in H. 

(iv) For all c-subsets X1 C g(i  ~31),..., Xq-1 C U(i ~3 (q -  1)), there exist xl e X1, 

..., x~-16Xq-1,  such that (Xl,...,Xq-1) is a clique in H. 

Proof. It suffices to show that  the probability of any one of (i), (ii), (iii) or (vi) 
failing is less than 1/4. 

(i) There are less than 4q2n ways to choose an edge ij and a vertex y E U(i). 
For each of the n vertices yl E U(j), the events ,,yyl is an edge in H" are independent 
and have probability p. Let Z ( j , y ) =  IN(y)NU(j)[. Then X(j ,y)  is the sum of u 
independent indicator random variables, each having probability p. So 

Pr (X(j,  y) < pn - pn/2) < e -2(pn/2)2 /n. 

Thus the probability that (i) fails is less than 4q2ne -p2n/2 < 1/4. 

(ii) There are less than 4q 3 ways to choose the edges ij and mj.  For each of 

these choices, there are at most n 2 ways to choose y and y'. For each of the n 
vertices z E U(j), the events "both yz and ylz are edges in H" are independent and 

have probability p2. Let X = X ( j , y , y ' ) =  [N(y)MN(y')MU(j)[. Then X is the sum 

of n independent indicator random variables, each having probability p2. So 

Pr (X > p2n +p2n) < e -2(p2n)2/n. 

Thus the probability that (ii) fails is less than 4q3n2e -2p4n < 1/4. 

(iii) There are less than 4q 2 ways to pick an edge ij. For each of these, there 

are (~)2 ways to pick b-subsets X C U(i) and X'  C g(j) .  For each of the b 2 

pairs (x,x I) E X • X I, the events "xx r is an edge in H" are independent and have 

probability p. Thus the probability that there is no edge between X and X ~ is less 

than ( l - p )  b2. Thus the probability that (iii) fails is at most 4q 2 (~)2(1-p)b2 < 1/4. 

(iv) There are less than 2q ways to pick i. For each of these there are (n)q-1 

ways to choose the c-subsets Zm C U(i �9 m), m �9 [q - 1]. Say Xm = {(re,j):  j �9 [c]}. 
For a function s: [q- 1]--* [c], let P(s) be the event "((1, s(1)),.. . ,  ( q -  1, s (q -  1))) is 

a clique in g ' .  Then Pr(P(s) )=p(q~l) .  Consider the graph S on S =  { s : s :  [q-  
1]--* [c]}, such that s is adjacent to t iff there exist distinct j ,  m � 9  [q-1] such that  

s(j) = t(j) and s(m)= t(m). Clearly the degree of S is less than eq-3q2/2. Thus 

S has an independent subset T of size ISI/(cq-3q2/2)= 2c2/q 2. The set of events 
{P(s) : s �9 T} is independent. Thus the probability that  (iv) fails is at most 

2q - p q  /~) < 1/4. I 
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We now set n = k q2r and p = ~4k -r+2.  Then (i) and (ii) hold for sufficiently 

large k. We also set b =  21ogn/p and c =  qalogn/p q2/2. Then (iii) and (iv) hold. 
Thus we can, and do, choose H satisfying conditions (i), (ii), (iii), and (iv). Our 
next goal is to show that H E Forb(T(k,r),Kq), for the proper choice of k. This 
follows from the next two lemmas. 

Lemma 2.3. Both aJ(A) < q and a;(H) <q. 

Lemma 2.4. Ifb < kr-t/(4q2), then H E Forb (T(k, r)). In particular, for sufficiently 
large k, H E Forb (T(k, r)). 

Proof. Suppose to the contrary that H does induce T. Since T has k r-1 vertices 
at distance r -  1 from its root, there exists a vertex i E W and a subset Z C U(i) 
such that ]Z I = kr-1/(2q) and each vertex in Z is at distance r - 1  from the root 
of T. Each vertex in Z is adjacent to a leaf of T that is in U(j) ,  for some vertex j 

adjacent to i in A. Thus there exist a vertex j E W and sets Z / C Z and X I C U(j! 

such that  ]Z' I = kr-1/(4q 2) = IX'] and each vertex in Z'  is adjacent to a leaf o. 

T that  is in X/. Let X be a subset of Z - Z  I of size kr-1/(4q2). Then there are 

no edges between X and X I in T. Since T is an induced subgraph of H there are 

no edges between X and X ~ in H. But this contradicts (iii), since b=kr-1/(4q2). 
Finally, note that  for sufficiently large k, b<_ kr-1/(4q). I 

Next we show that for sufficiently large k, H is a template for G, for all graphs 
G E F such that H is an induced subgraph of G. Fix such a graph G = (V,E). Let 
v E Y N N(H). Let d = max{'/, c}. Call a vertex y E Y M N(v) v-good, if there exist 
vertices i, j, m E W  (possibly i=m)  such that yEU(i), ij and j m  are edges in A, 
IN(v) NU(j)[ <d,  and IN(v)MU(m)I <d. 

Lemma 2.5. For any function f : W--* [2], with 2 E range (f) ,  either (a) there exists 
a path (i,j,m) in A such that f ( i )= 2, and f ( j ) =  1 = f(m) or (b) there exists a 
vertex i |  such that for all j E [q-1], f ( i |  j )=2. 

Proof. Suppose not. Then there exists a vertex i E W such that f(i) = 2 and 
f ( iG  1 ) =  1. Without loss of generality, f ( 2 q - 1 ) =  2 and f ( 1 ) - - 1 .  Then, since 
(a) fails, ( 2 q - 1 , 1 , j )  witnesses that f ( j ) =  2, for all j E { 2 , . . . , q - 1 } .  Thus, since 
(b) fails, f (q )= 1. So, since (a) fails, (q-1 ,q , j )  witnesses that  f ( j ) =  2, for all 
j E { q + l , . . . , 2 q - 2 } .  Since f (2q-1)=2,  (b) must hold. I 

Lemma 2.6. For every vE VMN(H), either (c) every vertex in N ( v ) A Y  is v-good 
or (d) there exists a vertex i E W such that there exist at least d vertices in U(i) 
that are v-good. 

Proof. Let f :  W--* [2], where f(i) = 1 if IN(v) N U(i)l < d, and otherwise f(i) = 2. 
If for all vertices i E W, IN(v)A U(i)I < d, then (c) holds. Otherwise by Lemma 
2.5, either (a) or (b) holds. If (b) holds, then there exists a i E W such that  
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IN(v) N U(i@j)l >- d, for all j 6 [q -  1]. By (iv), for all j e [q - 1], there exist vertices 
y i ~  6 N(v)MU(i~j )  such that Q--(yi$l , . . . ,y i~q- l )  is a clique in H, But, then 

Q u (v} is a q-clique in G, contradicting G �9 F. Thus (a) holds. Suppose (i,j,m) 
witnesses that (~) ho~ds. T h ~  (~d,~)  ~it~e~e~ that every vertex ~n N(~)n  U(~) 
is v-geo& Since ]N(v)mU(f))~d, (d) holds. I 

Lemma 2.7. Suppose 8dn -1 K p< ~-~k -r+2. If w E N ( v ) N Y  is v-good, then for any 

x c y - { ~ } ,  with IXl <_2,, there exists S C Y - ( N ( v ) U X )  such that G[So{w}]=T' 
with root w. Similarly, for all i 6 W, if wl , . . . ,wk E U(i) are all v-good, then there 
exists S C Y - N (v) such that G[S U {v, Wl,..., Wk }] ~ T' with root v. 

Proof. Let (i,j,m) witness that  w is v-good. Let B = U(j)u  U(m). We show 
by induction on s 6 i t - 1 ]  that  there exists Ss C B -  (N(v)U X) such that  
Ts = G[Ss U {w}] ~ T(k, s) with root w and all the leaves of Ts are either in U(j) 
or U(m). First consider the base step s = 1. By (i), IN(w)MU(j)I >pn/2. Also 
](N(v)NU(j))UX] <_d+7<_2d. By the hypothesis, pn/2>k+2d Thus $1 can be 
any k-subset of (g(w) N V(j)) - ((N(v) M U(j)) U Z).  Now consider the inductive 
step. Without loss of generality, suppose that the leaves of Ts-1 are contained in 
U(m). It suffices to show that for any leaf x of Ts_l 

I(N(~) n U(j)) - (N(v) u X u S,_~ u {~} u N(S~_~ u {~}))1 > k. 

By (i), since j m  6 F, I g (x)Mg(j)l > pn/2. By the choice of j, I N(x)(~U(j)CW(v) I < d. 
By hypothesis IZI < 7. Also, ISs_l U {w}l < 2k s-1 <- 2k ~-2 Finally, by (ii), 

iN(x) A V(j) (1N(Ss-1 U {w}) I < 2p2n2k s-1 <_ 4p2nk r-2. Thus it suffice to check 

that  pn/2 >_ 2d+6p2nk r-2, which is implied by pn/4 >_ 2d and pn/4 > 6p2nk ~-2. 
This in turn fallows from the hypothesis 8dn - I  <_t)< ~-~k -r+2. T h i s  completes the 
proof of the fi~st part. The second pm't is proved by a similar argument. I 

Note that the hypothesis of Lemma 2.7 holds for sufficiently large k. 

Lemma 2.8. For sufficiently large k, H is a template for G. 

Proof. Let v E N(H). For (1), suppose that  X C Y with ]x  l <_ ~. If (N(v)~Y)-X#O,  
then, by Lemma 2.6, either every vertex in N(v)M Y is v-good or there are at 
least d vertices in Y that are v-good. In either case there is a v-good vertex 
w E (N(v) M Y ) - X .  Thus, by Lemma 2.7, there exists S c Y - ( N ( v )  t2X) 
such that  G[SU{w}] ~ T' with root w. Now consider (2). By Lemma 2.6, there 
exists a v-good vertex w. By Lemma 2.7, for any X C Y -  {w}, with IX] _< % 

there exists S C Y - (N(v) U X) such that  G[S U {w}] m T'  with root w. For (3), 
suppose that  v is strongly adjacent to H. There exists a vertex i 6 W such that  
IU(i)MN(v)I > c~/2q= k. By Lemma 2.6, either every neighbor of v in U(i) is v- 
good or there exist j E W such that at least d(> k) neighbors of v in U(j) that  
are v-good. In either case, there exists m E W such that U(m) has at least k v- 
good vertices. Thus by the second part of Lemma 2.7 there exists S C Y such that  
G[SU{v}] ~ T  t with root v. I 
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This completes the proof of Theorem 2.1. 

Theorem 2.9. For all positive integers q and r and sut~ciently large k, F = 
Forb (T(h, r),  Kq) is not vertex Ramsey. 

Proof. By Theorem 2.1, there exists a graph H E F  such that  H is a template  for all 
graphs G C F, that  induce H.  Moreover it follows from condition (iii) that  w(H)= q. 
Thus for all graphs G E F and vertices v in G, H is not an induced subgraph of 
GIN(v)], i.e., AH(G ) = 1. Thus by Theorem 1.1, )iN(G) is bounded for all G E F. 
It  follows that  F is not vertex Ramsey. | 
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