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A class I' of graphs is vertex Ramsey if for all H € T there exists G € I’ such that for
all partitions of the vertices of G into two parts, one of the parts contains an induced copy of
H. Forb(T,K) is the class of graphs that induce neither T nor K. Let T(k,r) be the tree
with radius r such that each nonleaf is adjacent to k& vertices farther from the root than itself.
Gyarfis conjectured that for all trees T and cliques K, there exists an integer b such that for all
G in Forb (T, K), the chromatic number of G is at most b. Gyarfds’ conjecture implies a weaker
conjecture of Sauer that for all trees T and cliques K, Forb (T, K) is not vertex Ramsey. We use
techniques developed for attacking Gydrfds’ conjecture to prove that for all g, r and sufficiently
large k, Forb(T(k,r),Kq) is not vertex Ramsey.

0. Introduction

For a graph G let w(G) be the number of vertices of the largest clique in G.
For a graph or hypergraph G, let x(G) be the chromatic number of G, i.e., the
least number ¢ such that the vertices of G can be colored with ¢ colors so that there
are no monochromatic edges. For a graph G=(V,F) and X CV, let G[X] denote
the subgraph of G induced by X in G. Let Forb (7T, K) be the class of graphs that
induce neither T nor K. Let K, be the clique on ¢ vertices. Let T(k,r) be the
rooted tree with radius r such that each nonleaf has k sons. See Figure 1. The
starting point for the research reported in this article is the following conjecture,
due independently to Gyérfds [1] and Sumner [16].

o

Figure 1. T(3,2)
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Conjecture 0.1. For all trees T and cliques K, there exists an integer b such that
for all G in Forb (T, K), x(G)<b.

While the general conjecture appears to be very difficult and has survived for
twenty years, there have been some interesting partial results. The fundamental
result in the subject is the following theorem due to Gyarfis, Szemerédi, and Tuza

[3].
Theorem 0.2. For every radius two tree T, there exists an integer b such that for
all GeForb (T,K3), x(G)<b.

To prove this theorem the authors used a technique that has developed into
what we call the template technique. In a series of papers [6], [4], [8], [5] and [9],
this technique has been modified in one way or another to prove similar results.
The highlight, for the purposes of this article is the following extension of Theorem
0.2, due to Kierstead and Penrice [6].

Theorem 0.3. For every radius two tree T and clique K, there exists an integer b
such that for all GeForb(T,K), x(G)<b.

One important result in this area that does not use the template technique is
the following theorem due to Scott [15].

Theorem 0.4. For every tree T and clique K, if a graph G has sufficiently large
chromatic number, then G induces either K or a subdivision of T

Independently Rédl, Sauer, and X. Zhu [10], [11], [12], [13], [14] studied classes
of graphs to determine whether or not they were vertex Ramsey. A class I" of graphs
is vertex Ramsey if for every graph H €I, there exists a graph G € I" such that
whenever the vertices of G are partitioned into two parts, one of the parts induces
a copy of H. This property can be phrased in terms of hypergraph coloring. For

any graphs G=(V,E) and H, let (g) be the hypergraph on the same vertex set V'
as G such that X CV is an edge of (g) iff G[X] is isomorphic to H. Let xg(G)
denote the chromatic number of (g) It is routine to show that:

Proposition 0.5. A class of graphs I is not vertex Ramsey if and only if there exists
H €T and an integer b such that for all GEG, xg(G)<b.

The combined work of Neset¥il, Rodl, Sauer, and X. Zhu determined whether
or not Forb (A) is vertex Ramsey for nearly all graphs A. For any pair of graphs A
and B such that A is disconnected and the complement of B is disconnected, Sauer
[12] determined that Forb (A, B) is not vertex Ramsey, except for three special pairs
for which it is vertex Ramsey. The simplest unknown case would seem to be when
A is almost disconnected and the complement of B is totally disconnected. This
led Sauer [12] to conjecture that:

Conjecture 0.6. For all trees T and cliques K, Forb (T, K) is not vertex Ramsey.

It is easily seen, using Proposition 0.5 that Conjecture 0.1 implies Conjecture
0.6. In this article we shall use our latest version of the template technique
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to prove that for all positive integers ¢ and r and sufficiently large integers k,
Forb (T(k,r),K,) is not vertex Ramsey. In Section 1 we give an abstract definition
of what it means for a graph H to be a (k, s)-template for a graph G. It is immediate
from this definition that for all G € Forb(T(k,2),K3), and sufficiently large ¢, Ky ;
is a T(k,1)-template for G. Then we show that if G, H €Forb(T(k,r)) and H is a
(k,r —1)-template for G, then x5 (G) is bounded above by a function of T', w(G),
and H. This is all an abstraction of the main argument in [3], where templates were
never defined, but their role was played by large K ¢. In [3] the proof of Theorem
0.2 is completed by the observation of Rodl [9] that for all G € Forb(T(k,2), K3), if
XK, ;(G) is bounded above, then x(G) is bounded above. Thus Section 1 specializes
to the main argument in [3]. If we could prove that for all positive integers ¢ and
r and sufficiently large integers k, there exists a graph H € Forb(T'(k,r), K) such
that for every G €Forb(T'(k,r),K,) with sufficiently large chromatic number, H is
a (k,r —1)-template for G, then we could prove that Conjecture 0.1 is true. We do
not know how to do this. However, in Section 2 we do show that for all positive
integers ¢ and r, and sufficiently large k, there exists H € Forb(T(k,r), K4) such
that for every G € Forb(T(k,r),Ky), if H is an induced subgraph of G, then H
is a T(k,r — 1)-template for G. It then follows from the work in Section 1 that
Conjecture 0.6 is true in the case that T=T(k,r) and K =K.

We shall use the following additional notation. For a positive integer n, let
[n] denote the set {1,...,n}. Let R(k,q) denote the least integer n such that every
graph on n vertices has an independent set of size k or a clique of size q. For a
graph G=(V,E) and a subset W CV, let N(W) denote N(W)={veV -W:vis
adjacent to w, for some we W}. When W= {v}, we write N(v) instead of N({v}).
We use the notation G~ H to indicate that G is isomorphic to H.

1. Definition of Templates

Fix positive integers k, r, and ¢. Set T = T(k,r), T/ = T(k,r — 1), and
I' = Forb(T,K,). Let t = (k"+! —1)/(k 1), the number of vertices of T, and
t'= (k" —1)/(k—1), the number of vertices of T'. Let G =(V,E) be a graph. For
a vertex v € V and a subset W CV, v is adjacent to W if v is adjacent to some
vertex in W. Similarly, v is strongly adjacent to W if v is adjacent to at least

o = 2gk vertices in W and v is very strongly adjacent to W if v is adjacent to at
least 3=kt'a vertices of W. Let N*(W)={veV—W :v is strongly adjacent to W},

Definition 1.0. Let G=(V,E) be a graph. Another graph H=(W,F) is a (k,r—1)-
template for G if H is an induced subgraph of G and the following three conditions
hold:
(1) For allve N(W), for all X CW, with | X|<y=kg, if (WNN(v))—X #0, then
there exist w e (WNN(v))—X and S CW—(N(v)UX) such that G[SU{w}]~T'
with root w.
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(2) For all ve N(W), there exists we (WNN(v)) such that for all X CW —{w},
with | X | <, there exists SCW —(N(v)UX) such that G[SU{w}]~T" with
root w.
(3) For all ve N¥(W), there exists SCW such that G[SU{v}]~T’ with root v.
When k and r are fixed, a template will mean a (k,r —1)-template.

Suppose that G is a triangle-free graph and H ~ Ky ; is an induced subgraph

of G, with t=k++. Then it is easily seen that H is a (k,1)-template for G. The
definition of template and the following theorem are an abstraction of the main
argument in (6], where Ky ; plays the role of the template.

Theorem. 1.1. Suppose that G = (V,E) € T and H is a graph such that for all
X cV,if GIX|~H, then G[X] is a (k,r —1)-template for GET and for all veV,
xg(N(®)) <A =Ag(G). Then xg(G) <1+ hd+hX2t'nR(k,q), where h = |W|,
d=2kR(k,q), and n=d—1+2tdR(k,q).

Proof. Define M1, Ny, V1, ..., Mg, Ng, Vi, L as follows. Set My =0 = Ny and
V1 =V. Suppose we have defined M;, N;, V; 1, for all j <i. If G[V;} does not induce
H, then set s=i—1 and L=V;; otherwise choose M; CV; such that G[M;]~ H and
set N;=N*(M;)NV; and Vit1 :Vi—(NiUMi). Then {Ml,Nl,...,Ms,NS,L} is a
partition of V. Note that for j <1, no vertex in V; is strongly adjacent to M;. The
(very strong) template degree of a vertex v€V is |{i:v is (very strongly) adjacent
to M;}|. The neighborhood degree of a vertex v€V is |{i:v is adjacent to N;}|. We
shall need the following three lemmas.

Lemma 1.2. For every vertex v € V, the very strong template degree of v is less
than k.

Proof. Suppose that v€V and I={i; <... <1y} is a k-subset of [s] such that for
every 1 € I, v is very strongly adjacent to M;. We shall obtain a contradiction to
G €T by showing that v is the root of a copy of T. To do this, for each i € I, we
find v; € M; and S; C M; —{v;} such that for all distinct ¢, jelI:

(i) v is adjacent to v;;

(il) G[S;U{v;}]~T’ with root v;;

(iii) v is not adjacent to S;; and

(iv) S;u{v;} is not adjacent to S;U{v;}.

We construct the v; and S; by reverse induction. Let 1€ I and suppose that we
have constructed v; and S; for all j€ I with j>i. Let X = {z € M;:z is adjacent to
S;U{v;}, for some j € I with j>i}. Say i=iq. Then |X|< (k—a)t/(a—1) <kt'a=p,
since for each of the k —a indices j > i, each of the ¢’ vertices of S; U {v;} is
adjacent to less than a elements of M;. Since v is very strongly adjacent to M;,
(M;NN(v))—X #0. By (1) we can find v; € (M;NN(v))—X and S; C M; —(N(v)UX)
such that G[S;U{v;}] =T with root v;. Since (S;U{v;})NX =0, S;U{v;} is not
adjacent to S;U{v;}, for all j €I with j>i. This completes the construction of the
S; and the proof. B



CLASSES OF GRAPHS 497

Lemma 1.3. For every vertex v € V, the template degree of v is less than d =
2kR(k,q).

Proof. Suppose that ve V and I = {i; <... <ig} is a d-subset of [s] such that
for every ¢ € I, v is adjacent to M;. We shall obtain a contradiction to G €I by
showing that v is the root of a copy of T. To do this we find a k-subset JC I and
for every 1€J, we find v; € M; and S; C M; such that for all distinct ¢, 7€ J:

(i) v is adjacent to vy; .

(i) G[S;U{v;}]=T' with root v;;

(iil) v is not adjacent to S;; and

(iv) S;U{v;} is not adjacent to S;U{v;}.

By (2), for each 1 € I, there exists v; € (M;N\N (v)) such that for all X C M;—{v;},
with | X | <1, there exists SC M; — (N(v)UX) such that G[SU{v;}]=T" with root
v;. By Lemma 1.2, each v; has very strong template degree less than k. Thus there
exists an R(k,q)-subset J' C I such that for all i, j € J, v; is not very strongly
adjacent to M;. (Define a digraph D = (I,A) by (i,j) € A iff v; is very strongly
adjacent to M;. Since the out degree of D is less than k, D) has an independent set
of size d/(2k—1).) Since G has clique size less than ¢, there exists a k-subset J C J’
such that {v;:1€ J} is independent. Next we construct the S; by reverse induction.
Let 1€ J and suppose that we have constructed S; for all j € J with j >4 so that

for all ¢’ € J with ' <i, vy is not adjacent to S; U{v;}. Let

X = {z € M; : z is adjacent to S; U {v;}, for some j € J with j > i}U

x € M; : z is adjacent to vy, for some ¢ € J, with i/ < i
1

Say i=1q. Then |X|<(k~a)t'(a~1)+(a—1)8 <kB=", since for each of the k—a
indices j > i, each of the t’ vertices of S; U{v]-} is adjacent to less than « vertices
of M; and for each of the a~1 vertices v;, with i’ <1, v; is adjacent to less than 3
vertices of M;. By the choice of the v; and using (2), we can find S; C M;—(N{v)UX)
such that G[S;U{v;}]~T’ with root v;. Since S;NX =0, S;U{v;} is not adjacent
to S;U{v;}, for all j€I with j>i and vy is not adjacent to S;, for all j€J —{i}.
This completes the construction of the S; and the proof. |

Lemma 1.4. For every vertex v € V, the neighborhood degree of v is less than
n=d~1+2t'dR(k,q).

Proof. Suppose that v€V and I={i; <...<i,} is an n-subset of [s] such that for
every ¢ € I, v is adjacent to v; € V;. We shall obtain a contradiction to G €T by
showing that v is the root of a copy of T. To do this we shall find a k-subset JC T
and for every i€ J, we shall find S; C M; such that for all distinct 1, € J:

(if) G[S;U{v;}]~=T’ with root v;;

(iii) v is not adjacent to S;; and

(iv) S;u{w;} is not adjacent to S;U{v;}.
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By (3), for each i€, we can find S; C M; such that G[S;U{v;}]~T" with root
v;. By Lemma 1.3, every vertex has template degree less than d. Thus there exists
a 2t'dR(k,q)-subset J' C I such that for all i € J', v is not adjacent to M;. Also,

there exists an R(k,q)-subset J” C J' such that for all distinct i, j € J", S; U {v;}
is not adjacent to S;. Finally, since w(G) < g, there exists a k-subset J C J" such
that {v;:i€ J} is independent. This completes the construction of the S; and the
proof. |

We are now ready to finish the proof of the theorem by exhibiting a proper
coloring of (g) using at most 1+hd+hA2t'nR(k,q) colors. First, partition V into
LUMUN, where M =U{M;:i€[s]} and N=U{N;::€[s]}. Color all the vertices in
L with color 0. Since G[L] does not induce H, this is a proper coloring of (Gg‘ ]). Let
M;={v;1,...,v;p}. Color each v;;, with color (a,j), where a is the least positive
integer such that for all i’ <1, if vyr; has color (a,j), then v; ; is not adjacent to
vy ;. By Lemma 1.3, a<d. Since k, r—12>1, H has an edge, and so this is a proper
coloring of (G[Iy]) with hd colors, all distinct from the color used on L. Thus it
remains to show that we can properly color (G%V]) with AX2t'nR(k,q) new colors.

Let N; j={ve€Nj:v is adjacent to v;,4, but v is not adjacent to any v; j, with
4’ <j}. For each pair (4,5), let f; ;: N; ; —[A] be a proper coloring of (G[]I\_[Ii’j]) and
let N;;p={v€Nj;:fi;(v)=b}. Color each vertex in N, ;, with color (a,j,b),
where a is the least positive integer so that G[U{N; ;511 <i}] does not contain a
monochromatic copy of H. Note that such an integer exists because NV; ; ; does not
contain a monochromatic copy of H.

To finish the proof, we must show that a < 2t'nR(k,q). Otherwise for all
ce[2t'nR(k,q)], there exists a subset Q. CU{Ny ;:i' <7} such that

(v) GlQc]=H,
(vi) QcﬂNi’j,baé@, and
(vil) each vertex of Qc— N ; is colored (c,j,b).

We shall obtain a contradiction to G €' by showing that v; ; is the root of a
copy of T. To do this, we shall find a k-subset J C[2t/nR(k,q)] and for every ce J,
we shall find v €Qc:NN; ;3 and S C QC—N(vi,j) such that for all distinct ¢, ¢/ € J:

(i) v;; is adjacent to vc;
(i) G[ScU{vc}]~=T" with root vc;
(iii) w;; is not adjacent to S¢; and
(iv) ScU{vc} is not adjacent to Sy U{vy}.

By (1), for each c€[2t'nR(k,q)], there exists ve € Q:NN(v; ;) and Sc C Qc —

N(v;,j) C Qe — Nj jp such that G[ScU{vc}) = T' with root ve. By (vii), for all
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colors ¢ and ¢, and indices m#i, if QcN Ny, ;p7#0, then Qu NNy, ;5 =0. Thus by
Lemma 1.4, each S.U{v.} is adjacent to less than ¢'n other S.. Thus there exists
an R(k,q)-subset J' C[2t'nR(k,q)] such that for all distinct ¢, ¢’ € J, ScU{v.} is not

adjacent to Sy. Since w(G)< g, there exists a k-subset JC J’ such that {vc:c€J}
is independent. This completes the proof. ||

2. Existence of Templates

In this section we show that templates actually exist.

Theorem 2.1. For all positive integers q and r, and sufficiently large integers k,
there exists a graph H € Forb(T'(k,r), Ky) such that for all G € Forb(T(k,r), Ky),
if H is an induced subgraph of G, then H is a template for G.

Proof. As in Section 1, let T=T(k,r), T/ =T(k,r — 1), and T =Forb (T'(k,r), Kg).
We first construct H = H(q,r,k,n,p) in terms of fixed positive integer parameters ¢,
r, k, and n, and a real parameter p, with 0< p<1; then we show that for the proper
choice of these parameters, H is a template for every graph in I that induces H.
The construction of H is based on a simpler graph A. Let A=A(q)=(W,F) be the
graph defined by W=[2¢—1] and F={ij:j=:1®m, m&[g—2]}, where & denotes
addition modulo 2¢— 1. In other words, 4 is the (g—2)-power of a (2¢— 1}-cycle.
We are now ready to define H. For each vertex i € W there will be a corresponding
set U(t) of vertices of H. The vertex set of H is Y =U{U(3)::€ W}, where the U (i)
are pairwise disjoint sets of cardinality n. For all edges ij € F, any vertex in U(7)
is adjacent to any vertex in U(j) with probability p. All such decisions are made
independently. There are no other edges in H. So far H is a random graph. We
complete the construction of H by choosing a particular version of H that satisfies
conditions (i), (ii), (iil), and (iv) of the following lemma. This is the only part of
the argument where we use probability theory.

Lemma 2.2. Suppose that for some integers b and c
(1) 4g%neP™/2<1/4
(2) 4g®n2e=2P'n<1/4,
(3) 4¢2(1)*(1-p)¥* <1/4,
(4) 2q(rcl)q—-l (1 _pq2/2)202/q2 <1a
Then the probability that H has the following four properties is greater than 0.
(i) For all edges ij € F' and vertices ye U(z), |N(y)NU(j)| = pn/2.
(ii) For all edgesij, mj € F (possiblyi=m), and for all ye U (i) and y' € U(m)—{y},
IN(y)NN(Y)NU ()| < 2p%n.
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(iii) For all edges ij € /7 and all b-subsets X C U(i) and X' C U(j), there exists
u€ X and ve X' such that u is adjacent to v in H.

(iv) For all c-subsets X1 CU(i®1),...,Xq_1 CU(i®(q—1)), there exist z1 € X1,
oo, Ty—1 € Xg-1, such that (x1,...,24—1) Is a clique in H.

Proof. It suffices to show that the probability of any one of (i), (ii), (iil) or (vi)
failing is less than 1/4.
(i) There are less than 4¢?n ways to choose an edge ij and a vertex y € U(3).

For each of the n vertices y’ € U(j), the events “yy’ is an edge in H” are independent
and have probability p. Let X(j,y)=|N(y)NU(j)|. Then X (4,y) is the sum of n
independent indicator random variables, each having probability p. So

Pr(X(j,y) < pn—pn/2) < e—2(pn/2)?/n

Thus the probability that (i) fails is less than 4g2ne=P"n/2 < 1/4.

(ii) There are less than 4¢° ways to choose the edges ij and mj. For each of

these choices, there are at most n? ways to choose y and y’. For each of the n
vertices z € U(j), the events “both yz and 3’z are edges in H” are independent and

have probability p?. Let X =X (j,y,9')=[N(y)NN(y')NU(5)|. Then X is the sum
of n independent indicator random variables, each having probability p%. So

Pr(X > p’n+p°n) < e=2(r*n)"/n.

Thus the probability that (ii) fails is less than 4¢3n2e~2P"" < 1/4.

(iii) There are less than 4¢% ways to pick an edge ij. For each of these, there
are (2)2 ways to pick b-subsets X C U(:) and X' C U(j). For each of the b
pairs (z,z') € X x X', the events “zz’ is an edge in H” are independent and have
probability p. Thus the probability that there is no edge between X and X' is less
than (1—p)bz. Thus the probability that (iii) fails is at most 4¢2 (%)2(1—1))1’2 <1/4.

(iv) There are less than 2q ways to pick i. For each of these there are (7) ¢-1

ways to choose the c-subsets X, CU(i®m), me(g—1]. Say Xm={(m,j):j€]]}.
For a function s:[g—1]—[c], let P(s) be the event “((1,s(1)),...,(g—1,s(q—1))) is
a clique in H”. Then Pr(P(s)) =p(qgl). Consider the graph S on S={s:s:[g—
1] — [¢]}, such that s is adjacent to ¢ iff there exist distinct j, m € [g—1] such that
s(5) =t(j) and s{(m)=t(m). Clearly the degree of S is less than c73¢%/2. Thus
S has an independent subset T of size |S|/(c?™3¢?/2) =2c?/q%. The set of events
{P(s):s€T} is independent. Thus the probability that (iv) fails is at most

g—1 2 /g2
2q(2> (1—19‘12/2)2 /a <1/4. 1
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We now set n=k9"" and p= lek_r‘”. Then (i) and (ii) hold for sufficiently

large k. We also set b=2logn/p and c=¢3 logn/pqz/Q. Then (iii) and (iv) hold.
Thus we can, and do, choose H satisfying conditions (i), (ii), (iii), and (iv). Our
next goal is to show that H € Forb(T'(k,r), Ky), for the proper choice of k. This
follows from the next two lemmas.

Lemma 2.3. Both w(A)<gq and w(H)<q. |

Lemma 2.4. Ifb<k"~1/(44%), then H € Forb (T(k,r)). In particular, for sufficiently
large k, H € Forb (T (k,r)).

Proof. Suppose to the contrary that H does induce 7. Since T has k"1 vertices
at distance r —1 from its root, there exists a vertex : € W and a subset Z C U(¥)

such that |Z| =k"~!/(2g) and each vertex in Z is at distance r —1 from the root
of T. Each vertex in Z is adjacent to a leaf of T that is in U(j), for some vertex j

adjacent to i in A. Thus there exist a vertex €W and sets Z' CZ and X' CU(j)
such that |Z'| = k"~1/(4¢%) = | X'| and each vertex in Z’ is adjacent to a leaf o.
T that is in X’. Let X be a subset of Z —Z’ of size k"~1/(4¢%). Then there are
no edges between X and X’ in T. Since T is an induced subgraph of H there are
no edges between X and X’ in H. But this contradicts (iii), since b=k""1/(4¢?).
Finally, note that for sufficiently large &, b<k"~!/(4q). |

Next we show that for sufficiently large &k, H is a template for G, for all graphs
G €T such that H is an induced subgraph of G. Fix such a graph G=(V,E). Let
v€VNN(H). Let d=max{y,c}. Call a vertex y €Y NN (v) v-good, if there exist
vertices %, j, m€W (possibly i=m) such that y€U(¢), ij and jm are edges in A4,
IN(v)NU(j)| <d, and |[N(v)NU(m)| <d.

Lemma 2.5. For any function f:W — (2], with 2€range(f), either (a) there exists
a path (i,j,m) in A such that f(i)=2, and f(j)=1= f(m) or (b) there exists a
vertex 1@ 1 such that for all j€[q—1], fi®j)=2.

Proof. Suppose not. Then there exists a vertex ¢ € W such that f(i) = 2 and
f(t®1)=1. Without loss of generality, f(2¢—1) =2 and f(1) = 1. Then, since
(a) fails, (2¢—1,1,7) witnesses that f(j)=2, for all j € {2,...,¢—1}. Thus, since
(b) fails, f(q) =1. So, since (a) fails, (¢—1,q,7) witnesses that f(j) =2, for all
j€{g+1,...,2¢—2}. Since f(2¢g—1)=2, (b) must hold. ]

Lemma 2.6. For every v€ VNN(H), either (c) every vertex in N{v)NY is v-good
or (d) there exists a vertex i € W such that there exist at least d vertices in U(z)
that are v-good.

Proof. Let f:W — [2], where f(i) =1 if [N(v)NU(i)] < d, and otherwise f(i) =2.
If for all vertices i € W, [N(v)NU(Z)| < d, then (c) holds. Otherwise by Lemma,
2.5, either (a) or (b) holds. If (b) holds, then there exists a i € W such that
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IN(w)NU(i®j)|>d, for all j€{g~1]. By (iv), for all j € [g—1], there exist vertices
Yo € N(v)NU(i®3) such that Q= (y;@1,...,Yi@g—1) is a clique in H. But, then
QU {v} is a g-clique in G, contradicting G € I'. Thus (a) holds. Suppose (i,j,m)
witnesses that {a) holds. Then (4,7,m) witnesses that every vertex in N{(»)N{/{i)
15 v-good. Since |[N{v3nU(i)|>d, (d) holds. A

Lemma 2.7. Suppose 8dn~1<p< lek—r+2. Ifwe N(v)NY is v-good, then for any
X CY —{w}, with |X|<~, there exists SCY ~(N{v)UX) such that G[SuU{w}]=T"
with root w. Similarly, for all ie W, if wy,...,wy € U(¢) are all v-good, then there
exists SCY — N(v) such that G[SU{v,w1,...,wg}|~T’ with root v.

Proof. Let (i,j,m) witness that w is v-good. Let B = U(j)UU(m). We show
by induction on s € [r — 1] that there exists Ss C B — (N(v) U X) such that
Ts =G[SsU{w}] = T(k,s) with root w and all the leaves of Ty are either in U(j)
or U(m). First consider the base step s=1. By (i), |N(w)NU(j)| = pn/2. Also
{(N(v)NU(j))UX|<d+~v<2d. By the hypothesis, pn/2>k+2d. Thus S; can be
any k-subset of (N(w)NU(7)) - ((N(v)NU(j))UX). Now consider the inductive
step. Without loss of generality, suppose that the leaves of T5_1 are contained in
U(m). It suffices to show that for any leaf z of Ty._1

|(N(z) NU®H)) = (N(v) U X U S,_1 U{w} UN(Ss_1 U{w}))| > k.

By (i), since jme F, |N(2)"U ()| >pn/2. By the choice of j, | N(z) WU (5N (v)| < d.
By hypothesis [X| < 7. Also, |Ss—1 U{w}| < 2k°1 < 2k"~2. Finally, by (ii),
IN(z)NUF)NN(Ss—1U{w})| < 2p*n2ks~1 < 4p?nk™2. Thus it suffice to check
that pn/2 > 2d + 6p*nk”™=2, which is implied by pn/4 > 2d and pn/4 > 6pnk™ 2.
This in turn follows from the hypothesis 8dn~! <p< fzk‘ﬂ“z. This completes the
proof of the first part. The second part is proved by a similar argument. |

Note that the hypothesis of Lemma 2.7 holds for sufficiently large k.

Lemma 2.8. For sufficiently large k, H is a template for G.

Proof. Let ve N(H). For (1), suppose that X CY with |X|<~. If(N{)"Y)—-X#0,
then, by Lemma 2.6, either every vertex in N(v)NY is v-good or there are at
least d vertices in Y that are v-good. In either case there is a v-good vertex
w € (N(w)NY)— X. Thus, by Lemma 2.7, there exists § C Y — (N(v) U X)

such that G[SU{w}| ~ T’ with root w. Now consider (2). By Lemma 2.6, there
exists a v-good vertex w. By Lemma 2.7, for any X C Y ~ {w}, with |X| <,
there exists S CY — (N(v) U X) such that G[SU{w}] = T’ with root w. For (3),
suppose that v is strongly adjacent to H. There exists a vertex ¢ € W such that
|[U(G)NN(v)| > a/2¢=k. By Lemma 2.6, either every neighbor of v in U(3) is v-
goad or there exist j € W such that at least d(> k) neighbors of v in U(j) that
are v-good. In either case, there exists m € W such that U(m) has at least k v-
good vertices. Thus by the second part of Lemma 2.7 there exists SCY such that
G[SuU{v}}=T" with root v. ]
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This completes the proof of Theorem 2.1. ]

Theorem 2.9. For all positive integers q¢ and r and sufficiently large k, T’ =
Forb(T'(k,r),Kq) is not vertex Ramsey.

Proof. By Theorem 2.1, there exists a graph H €I such that H is a template for all
graphs G €I, that induce H. Moreover it follows from condition (iii) that w(H)=gq.
Thus for all graphs G € T" and vertices v in G, H is not an induced subgraph of
GI[N(v)], i.e., Ag(G)=1. Thus by Theorem 1.1, xg(G) is bounded for all GeT.

It follows that I' is not vertex Ramsey. ]
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